
DEBYE TEMPERATURES OF TRANSITION METALS 747

The constant term a is a direct measure of the 

number of clusters N or a = N k .  For CrB2, N = 

3.6-IO20 clusters/mole-CrB2 . Further the moment 

on each cluster can be determined by measuring the 

magnetization as a function of field. T y a n  22 found 

for these samples dM/dH = 1.1 • 10~ 3 cm/mole at 

4.2 K which corresponds to about 240 Bohr magne­

tons per cluster. If we assume that the clusters are 

due entirely to iron impurity atoms, each with 2 . 2  

aligned spins, then we calculate that 110 Fe atoms 

are in each cluster and that the needed impurity 

concentration is 50,000 ppm. This is an unreason­

able result since it is far greater than the results of 

chemical and neutron activation analysis. Further­

more, no anomalies were observed in the other Cr 

and V borides prepared in the same manner from 

the same material.

Thus, if we are to retain the notion of the cluster 

model, it is necessary to propose a new type of 

cluster other than those caused by impurities. These

would result primarily from a random fluctuation 

of localized boron concentration in the diboride. 

The diborides are known to exist over a range of 

compositions, in contrast to the more metallic 

borides, which have narrower composition ranges. 

Thus it is possible that boron-poor and boron-rich 

regions coexist in the diborides. These regions 

coupled with small impurity concentrations of ferro­

magnetic elements could result in a spontaneous 

magnetization and account for the anomaly. Pre­

sently we are preparing samples with different im­

purity concentrations to determine the effect on the 

anomaly and the magnetization and we will report 

on these results at a later date.
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The lattice vibration spectra and the associated constant volume specific heats of the transition 
metals niobium, tantalum, chromium, and palladium have been determined by using Sharma and 
Joshi’s three-force constant model which includes the effect of electrons on lattice vibrations in 
metals. The calculated values of the specific heats and the equivalent Debye temperatures are com­
pared with available calorimetric data. The frequency versus wave vector dispersion relations along 
the three major symmetry directions of chromium and palladium are determined and compared with 
curves deduced from recent neutron scattering experiments. Reasonably satisfactory agreement 
between theory and experiment is obtained.

I. Introduction

With the development of inelastic neutron scat­

tering technique, in recent years a considerable 

amount of work has been devoted to the study of 

lattice vibrations in transition metals by measuring 

the frequency versus wave vector dispersion rela­

tions along the symmetry directions1. This has

Reprints request to Prof. Dr. P. K. S h a r m a ,  Physics De­
partment, Allahabad University, Allahabad 2, India.

1 B. N. B r o c k h o u s e ,  in: Phonons in Perfect Lattices and in 
Lattices with Point Imperfections, edit, by R. W. H. S t e ­

v e n s o n ,  Oliver & Boyd, Edinburgh 1966, p. 110.

stimulated much interest in their thermodynamic 

properties, in particular the lattice specific heat. 

During the last few years, a number of models2 

have been worked out for calculating the phonon 

frequencies of metals by taking cognizance of elec­

trons as a compressible gas. One of the authors 

(P. K. S.) and J o s h i  3’ 4 have propounded a success­

ful theory of this type by considering the volume

2 J .  d e  L a u n a y ,  in : Solid State Physics, edited by F. S e i t z  

and D. T u r n b u l l ,  Academic Press, Inc., New York 1956, 
Vol. 2, p. 220.

3 P. K. S h a r m a  and S. K. J o s h i ,  J .  Chem. Phys. 39, 2633
[1963].

4 P. K. S h a r m a  and S . K. J o s h i ,  J .  Chem. Phys. 40, 662
[1964],
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forces due to the compressibility of conduction elec­

trons and their interaction with ions by an average 

over a Wigner-Seitz sphere. This model has provid­

ed a plausible description of phonon dispersion re­

lations 5~7, and thermal8 - 1 0  and transport11» 12 pro­

perties of a number of cubic metals.

In this paper, we present a computation of vibra­

tion spectra and the associated constant volume lat­

tice specific heats of the transition metals niobium, 

tantalum, chromium, and palladium on the basis of 

Sh a r m a  and J o s h i ’s model3> 4 of electron-ion inter­

action. The phonon dispersion relations along the 

symmetry directions of chromium and palladium 

are determined and compared with curves deduced 

from recent neutron scattering experiment. The pho­

non dispersion in niobium and tantalum has already 

been studied7 on this model. It was therefore 

thought proper to evaluate the lattice specific heats 

of these metals. For niobium and chromium, the 

Debye-Waller factors are also determined from the 

computed spectrum.

II. Secular Determinant

The secular determinant determining the angular 

frequency co of the normal modes of vibration in a 

cubic metal can be written as

\D(q) — Af co2/1 =  0 ,  (1)

where M is the mass of an ion in the lattice and

I  is a 3 x 3  unit matrix. The elements of the dy­

namical matrix D(q) on Sh a r m a  and J o s h i ’s mo­

del 3> 4 are given by 

Du(q) = 8  « i (1 — C1 C2 C3) + 4 a2 S 2

+ 4 Kea3 g2(q rs) qt2, (2 a) 

Dij{q) = 8 a i Si Sj Ck +4 Kea3g2(qrs) q iq ,, (bcc) 

Du(q) = 4 a4(2 - C iC j- C iC k) + 4 a2 S?

+ 2 Kea3 g2(qrs) qt2, (2 b) 

Dij(q) =  4 ax St Sf + 2  Kea3g2(q rs) qt q j , (fee) 

where

Si = sin (<7i a), C,- = cos(<7i a) ,

g(x) = 2>{s\nx — xcosx)lv?. (3)

5 S. P a l  and P. K. S h a rm a , Phys. Letters 19,105 [1965].
6 R. P. G u p ta  and P. K. S h a rm a , Phys. Stat. Solidi 12, 305

[1965].
7 S. P a l  and R. P. G u p ta , J. Phys. Soc. Japan 21 , 2208

[1966].
8 P. K. S h a rm a  and K. N. M e h r o t r a ,  Anales Fis. 65, 189

[1969].
9 P. K. S h a rm a  and R. P. G u p ta , Z. Physik. Chemie, Leip­

zig 242, 341 [1969].

In these equations qx is the i-th Cartesian compo­

nent of the phonon wave vector q ; r8 is the radius 

of the Wigner-Seitz sphere; a is the semi-lattice 

parameter; Ke is the bulk modulus of electron gas; 

and ctj and a2 are the central force constants for the 

first and second nearest neighbour interaction, re­

spectively. The parameters ax, a2 and Ke are related 

to the three independent elastic constants (Cn  , C12 , 

C44) of a cubic metal through the relations:

a  ̂— aC^4, a2 =  a(C'1j — C12) ?
Ke =  Cn - C u ,  (bcc) (4 a)

Oj = a C44 , a2 = (a/2) (C — C12 — C44) , (4 b) 

Ke =  Cl2- C u . (fee)

III. Numerical Computation

The evaluation of the vibration spectrum of nio­

bium, tantalum, chromium, and palladium has been 

made by root sampling technique for a discrete sub­

division of wave vector space 13 as discussed in the 

earlier studies 9> 10. In order to have a fairly large 

number of frequencies, we have considered a mesh 

of equally spaced 64 000 wave vectors in the first 

Brillouin zone. For this purpose, the translation vec­

tor of the reciprocal space was divided into 40 equal 

parts. From symmetry considerations, vibration fre­

quencies were determined at nonequivalent points 

lying within the irreducible trihedral angle of the 

reciprocal space of a cubic crystal. Each frequency 

was weighted according to the number of similar 

points associated with it. The number of frequencies 

falling into intervals of 0.05 X 1013 rad/sec were 

counted and from these the histogram of frequency 

distribution was obtained. Figure 1 shows the cal­

culated frequency histograms for the four metals. 

The units of G ( c d )  are arbitrary, but the curves are 

normalized to the same area. For chromium and 

palladium, the frequency versus wave vector dis­

persion relations along the symmetry directions 

[1 0 0 ], [1 1 0 ], and [1 1 1 ] are determined from the 

solutions of secular Eq. ( 1 ) along these directions.

10 P. K. S h a r m a  and K. N. M e h r o t r a ,  Anales Fis. (in press).
11 P. K. S h a r m a  and R. P. G u p t a ,  Rev. Mex. Fis. 18, 41

[1969].
12 B . S . S e m w a l,  P. K. S h a r m a ,  and K. N. M e h r o t r a ,  Z. Na-

turforsch. 26 a, 735 [1971].
13 M. B la c k m a n ,  in: Handbuch der Physik, edited by S.

F l ü g g e ,  Springer-Verlag, Berlin 1955, Vol. 7, p. 325.
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Fig. 1. The lattice vibrational spectra of the four transition 
metals.

The calculated dispersion curves are displayed in 

Figs. 2  and 3 along with the experimental values 

obtained from recent neutron scattering experiments 

( I .e .14“ 16).

REDUCED WAVE VECTOR COORDINATE g

Fig. 2. The dispersion curves for chromium in the three major 
symmetry directions. L and T label the longitudinal and trans­
verse polarization modes. The circles (O* • )  and crosses (X ) 

are the experimental points of Möller and Mackintosh.

14 H. B. M ö l l e r  and A. R. M a c k in to s h , in: Inelastic Scat­
tering of Neutrons in Solids and Liquids, International
Atomic Energy Agency, Vienna 1965, Vol. I, p. 95.

REDUCED WAVE VECTOR COORDINATE ?

Fig. 3. The dispersion curves for palladium in the three major 
symmetry directions. L and T represent the longitudinal and 
transverse polarization modes. The circles (O» • )  and cros­
ses ( X ) show the experimental measurements of Miiller and 

Brockhouse.

Using the frequency distributions plotted in Fig. 1, 

the lattice specific heats Cv at constant volume and 

the Debye-Waller factors of the metals considered 

were determined in the usual manner by numerical

Fig. 4. Comparison of the calculated and observed lattice spe­
cific heats of the four transition metals. Experimental points: 

+ niobium; •  tantalum; X chromium; O  palladium.

15 A. P. M i i l l e r  and B. N. B ro c k h o u s e , Phys. Rev. Letters
20, 798 [1968].

16 A. P. M i i l l e r  and B. N. B ro c k h o u s e , Canad. J. Phys. (to 
be published).



750 P. K. SHARMA, B. S. SEMWAL, AND K. N. MEHROTRA

integration. In Fig. 4 the calculated and observed 

specific heats are plotted at different temperatures. 

Another more sensitive comparison with the calori- 

metric data is made in terms of the equivalent 

Debye temperature 0 . The 0  versus T curves for 

the four metals are shown in Figs. 5 — 8  where the 

empirical data have also been plotted. The Debye 

temperature 0 ^ ,  which characterizes the Debye-

Fig. 5. The Debye temperature of niobium as a function of 
temperature. The solid line shows the present calculations 
and the circles (O) are the experimental values obtained 
from the specific heat data of Clusius, Franzosini and Pies- 

bergen.

Fig. 6. The Debye temperature versus temperature curve for 
tantalum. The solid line represents the present calculations 
and the circles (O) show the experimental specific heat data 

of Clusius and Losa.

TEM PERATURE( K )

Fig. 7. The Debye temperature against temperature for chro­
mium. The solid line is based on our computations and the 
circles (O) represent the experimental specific heat data due 

to Clusius and Franzosini.

TEMPERATURE( K)

Fig. 8. Variation of the Debye temperature of palladium with 
temperature. The solid line depicts our calculations and the 
circles (O) are the experimental values calculated from the 

specific heat data of Clusius and Schachinger.

Waller factor, is shown in Fig. 9 for the metals 

chromium and niobium. The elastic constants and 

other parameters of the metals used in the calcula­

tion are given in Table 1. The input data for palla­

dium in the calculation of the vibration spectrum 

refer to 0 K, while room temperature elastic data 

were used in the evaluation of dispersion curves.

Table 1. Constants for the transition metals used in the calculation.

Metal

Cu

Elastic constants 

(1011 dynes/cm2)

C\2 Cu

Density

(gm/cm5)

Lattice

parameter

(A)

Temperature * 

(K)

Niobium a 23.50 12.10 2.82 8.57 3.301 298

Tantalum b 26.10 15.74 8.18 16.655 3.303 300

Chromium c 35.00 6.78 10.08 7.19 2.88 298

Palladium d 23.41 17.61 7.12 12.132 3.872 0

22.70 17.59 7.17 12.00 3.89 296

* Temperature at which elastic constants are measured. 
a R. J. W as ilew sk i, J. Phys. Chem. Solids 26. 1643 [1965]. 
b F . H. F e a th e r s to n  and J. R. N e ig h b o u rs , Phys. Rev. 130, 1324 [1963]. 
c D. I. B o le f  and J. de K le r k ,  Phys. Rev. 129, 1063 [1963]. 
d J. A. R ay n e , Phys. Rev. 1 1 8 ,1545 [I960].
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200 300 400 500 600 700

TEMPERATURE( K)

Fig. 9. The Debye-Waller factor characteristic temperature of 
chromium and niobium as a function of temperature. The 
solid curves show present calculations. The circles ( • )  depict 
the experimental measurements of Wilson et al. for chromium.

IV. Discussion

M ö lle r  and M ackintosh 14 have experimentally 

determined the dispersion curves at room tempera­

ture for chromium along the symmetry directions 

from inelastic neutron spectrometry. Because of the 

relative sparseness of data, these dispersion curves 

did not receive much attention in the literature. 

Recently Feldman 17 has analyzed them in terms 

of fourth-neighbour Born-von Karman model. The 

detailed study of phonon dispersion relations in pal­

ladium at 296 K has recently been made by M iille r  

and Brockhouse 15> 16 by means of inelastic neutron 

scattering. They have also tabulated the values of 

frequencies for selected modes. For the purpose of 

the present comparison, these neutron measurements 

are plotted in Figs. 2 and 3. It will be seen that 

he calculated dispersion curves are in broad agree­

ment with the experimental data. Along the [111] 

direction beyond t =  \ the calculated dispersion cur-

17 J. L. F e l d m a n , Phys. Rev. B 1, 448 [1970].
18 K. C lu s iu s , P . F r a n z o s in i , and U. P ie s b e r g e n , Z. Natur- 

forsch. 15a, 728 [I960].
19 K. C lu s iu s  and G. L o s a , Z. Naturforsch. 10 a, 939 [1955].
20 K. C lu siu s  and P. F r a n z o s in i , Z. Naturforsch. 17 a, 522

[1962].

ves for chromium, however, show marked discrepan­

cies. For palladium, the observed transverse mode 

frequencies are somewhat higher than the theore­

tical values, and the discrepancy increases with 

phonon wave vector.

The experimental data for the specific heats of 

metals considered are taken from the measurements 

of C l u s iu s  and his coworkers 18~21. These have 

been plotted after correction for the Cp — Cv and 

the electronic specific heat contributions. The values 

of y, the coefficient of electronic specific heat, used 

for this purpose are given in Table 2. These are

Metal y (//cal/g-atom K2)

Niobium 2050 (up to 20 K)
520 (above 20 K)

Tantalum 760
Chromium 360 (up to 20 K)

1380 (above 60 K)
Palladium 2251 (up to 40 K)

Table 2. Electronic 
specific heat coeffi­
cient of transition 

metals.

taken from the low temperature calorimetric mea­

surements of C l u s iu s  et al. 18~20. For palladium, 

the electronic specific heat Cr deviates from the 

usual y T dependence at temperatures above 40 K; 

it tends to saturate in the high temperature region 

above 200 K. In the present work, we have used 

the recent estimate of Ce given by M i il l e r  and 

B r o c k h o u s e  16. For temperatures below 40 K, their 

Ce are in good agreement with those predicted by 

yT with 7  = 2251 //cal/g-atom K 2 reported by V e a l  

and R a y n e  22. It is seen in Figs. 5 — 8  that the na­

ture of the theoretical and experimental 0  — T cur­

ves is similar. The agreement is particularly very 

satisfactory for tantalum. For other metals, the ex­

perimental 0  are uniformly higher than the theore­

tical values, the maximum discrepancy of about 

17% being in the case of niobium.

In Fig. 9 the calculated 0 m — T curve for chro­

mium shows reasonable agreement with the effec­

tive characteristic temperature obtained by W il s o n  

et al. 23 from Bragg’s x-ray intensity measurements, 

although there are large uncertainties in the experi­

mental measurements. No such experimental data 

are available for niobium.

21 K . C lu s iu s  and L . S c h a c h in g e r , Z. Naturforsch. 2 a, 90
[1947],

22 B. W. V e a l  and J. A. R a y n e , Phys. Rev. 135, A 442 [1964].
23 R . H. W il s o n , E. F. S k e l t o n , and J. L. K a t z , Acta Cryst.

21, 635 [1966].
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The discrepancies between theory and experiment 

may be ascribed to the neglect of temperature varia­

tion of elastic constants and other anharmonic ef­

fects. At lower temperature, the discrepancies are 

attributable to the coarseness of the frequency spec­

trum and the uncertainty in the electronic contribu­

tion to the specific heat. The disagreement is also 

partly attributable to the approximate description 

of electron-ion interaction and to the assumption 

of short range interatomic interaction in the theory.

The analyses of phonon dispersion relations on 

Born-von Karman force models show that atoms be­

yond the second neighbour interact appreciably, 

particularly in niobium.
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Interdiffusion of anions in fused alkali nitrates has been studied with a plane source diffusion 
technique; the concentration gradients in the diffusion cell being measured with a wave-front- 
shearing interferometer. By choosing the same cations in the experiments the diffusional mixing of 
different anions at low concentrations into three alkali nitrates has been studied. The diffusion 
coefficients of F“ and Br“ in L iN 03; F~, Br", I-, C032-, and S042~ in NaN03; and I “ and C032- 
in RbN 03 were obtained over a temperature range of some 100 °C above the melting point of the 
different solvents.

A development of experimental procedures has 

been in progress during the last couple of years, 

which enables the use of optical interferometry for 

studying density gradients at temperatures up to

000 °C 1_0. As a part of this work a new method 

for studying interdiffusion has been suggested and 

proved successful. The experimental arrangement 

has resembled that of a plane diffusion source in a 

semiinfinite medium or often refered to as bottom 

layer diffusion. The initial plane source has been 

obtained by dropping a solid crystal to the bottom 

of a diffusion vessel containing the solvent. The 

melting points of the chosen solutes are generally 

much higher than those of the alkali nitrates used as 

solvents, which favourably eliminates an eventual 

partial disintegration of the crystal before reaching 

the bottom of the container. Because of the large

Reprints request to S. E. G u s t a f s s o n ,  Department of Phys­
ics, Chalmers University of Technology, S-402 20 Göteborg 
5, Sweden.
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density and refractive index differences between the 

solvents and solutes it has been possible of work 

with rather small crystals, which implies a very 

slight disturbance of the liquid at the beginning of 

the experiment because of the temperature difference 

between the solvent and the crystal being dropped 

from room temperature.

The concentration differences are given for a 

number of representative experiments in Table 1. 

The reason why it was possible to work with such 

low differences is the comparatively large depen­

dence of refractive index on concentration. The de­

pendence being estimated according to a theory 

given elsewhere 5. The concentration increase due to 

the diffusing solute is so small that the diffusion co­

efficient may be considered as that at infinite dilu­

tion.

3 S. E. G ust a fsso n , N.-O. H a l l in g , and R. A. E. K je l l a n ­

d e r , Z. Naturforsch. 23 a, 682 [1968].
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